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ABSTRACT

At high Reynoldsand Froudenumbers)ee wavesdueto the horizontalmotion of a bodyin a stratifiedfluid
aresupersedethy randomwaves generatedy its wake. The origin of thesewaveslies in the buoyant collapse
of thelarge-scalecoherenstructuresf the wake, andcanbe modelledasa sourcemoving at the velocity of the
bodyandof strengthoscillatingatthefrequeng of vortex shedding.In thepresenpapertwo parallelstudiesof the
associatetvave field aredescribed Thefirst of thesds theoreticabndconsiderdocalizedandextendednodelsof
thesourcewhile theseconds experimentahndinvolvesavertically oscillatingandhorizontallytranslatingsphere.
Oscillationfrequenciesdoth smallerandlarger thanthe Brunt-Vaisala frequeng areconsideredandreasonably
goodagreemenbetweertheoryandexperimentis obtainedconcerningge.g.,the shapeof the surfacesof constant
phasethestreamwisevolution of thewavelength andthedomainof existenceof thewaves. Calculationsarethen

presentedor arealisticturbulentwake, andcomparisorwith availableexperimentakesultsis performed.
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1. INTRODUCTION

A bodymoving horizontallyin a stratifiedfluid generateseveralsystemf internalwaves,
eachof whichis associatedvith adistinctperturbatiorof thebasicstratification.In thisrespect,
the importantparametersre the FroudenumberFr = U/Na, which representshe ratio of
inertial forcesto buoyang forces,andthe ReynoldsnumberRe = Ul /v, which representshe
ratio of inertial forcesto viscousforces,with U thevelocity of thebody; a its trans\erseradius,
| its axial length, N the Brunt—Vaisala frequeng andv the kinematicviscosity In particular
experimentverthepasttwentyyearqLin andPao,1979;GilreathandBrandt,1985;Hopfinger
etal.,1991;Bonnetoretal., 1993;Lin etal., 1993)have shovn that,at sufficiently high Fr and
Re, leewavesgeneratedby the motion of thebody aresupersedetly randomwavesgenerated
by its wake, andhave tracedbacktheorigin of thesewavesto thelarge-scaleoherenstructures
of thewake.

The modellingof this phenomenonvasdiscussedy Voisin (1994b). In the Reynoldsand
Froudenumbergangenvolved,thewakeis turbulentanddevelopsinitially asin ahomogeneous
fluid. Coherenstructuresin theform of vortexloopsor turbulentbursts arereleasegberiodically
behindthebodyatthefrequeng wq of thenearwake spiralinstability; afteradimensionlestme
Nt. ~ 3 they collapseimpulsively undertheinfluenceof buoyangy, generatingnternalwaves.
As far asthesewavesareconcernedaturbulentwake is thusamenabldo a seriesof impulses,
of alternatingsignsso asto take into accountits geometry periodically spacedn both space
andtime, andseparatedrom oneanothemy a distancer U /wg andtime 7 /wo. Two equivalent
views of this seriesarise naturally: a sourcemoving at velocity U and emitting impulsesat

time intervals r /wp; a sourcemoving atvelocity U andof strengthoscillatingatthefrequeny



wo andat all its odd harmonics.Thefirst view is appropriateat small axial distancegrom the
body, whenthewavesgeneratedby eachcollapsehave not yet hadtime to interfere;theneach
impulsecanbe consideredndividually. Corversely the secondview is appropriateat large
axial distanceswheninterferencenastakenplace;thenthe collectie effect of all theimpulses
is obsened,resultingin a predominancef thefundamentafrequeng wg.

A first steptowardsassessmentf this interpretationwas carriedout by Bonnetonet al.
(1993), who studiedeachcoherentstructureindividually. The presentpaperinvesticgatesthe
secondcollective, aspect. Specifically Section2 describesa theoreticalapproachof internal
waves generatedy the simplestpracticalrealizationof a horizontally translatingsourceof
oscillatorystrengthj.e., a spherebothtranslatinghorizontallyandoscillatingvertically. Then
Section3 comparesheresultsof this theorywith experimentsandSection4 appliesthemto a

realisticturbulentwake.

2. THEORETICALBACKGROUND

2.1. Source model

In a homogeneou§luid, a sphereof radiusa moving at velocity vo(t) alonga pathrq(t),

with vo(t) = dro/dt, canbemodelledeitherapproximatelyfor R > a, asthedipole
my(r, t) = —2ravy - V8(R), (1)
or exactly, for all R/a, asthe surfacedistribution of monopoles

3 R
ms(r,t) = EVO . 58(R— a), (2)

wherer = [X, Y, z] denotegosition,with r = |r|, t denotedime, R = r — rg is the position
relatve to the centreof the sphere,v = [vy, vy, v;] the fluid velocity andm = V - v the
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sourcestrength(rateof volumeoutflow from the source)perunit volume. Useof thesemodels
in a stratifiedfluid wasintroducedby Miles (1971) and Gorodtse@ and Teodorwich (1982),
respectrely, on the assumptiorthat the Froudenumberbe large, so that the flow aroundthe
spheras locally unafectedby gravity. Experimentsuggesthowever, thatthesemodelsremain
valid evenfor moderatevaluesof Fr, the only differencebeingthereplacemenof the far-field

conditionR > a by thecompactnessonditiona « A, with A thewavelengthof thewaves(see,
e.g.,Voisin 1994a).Anotherapproximatiorimplicit in (1) and(2) is thatthe Reynoldsnumber
Re bemoderatesothatno wake is formed.

A motion composedf horizontaltranslationat velocity U andvertical oscillationof fre-
gueny wo andamplitudeh correspondso thepathrq(t) = —Ute, — h sin(wet)e,, wherethe x-
andz-axesarehorizontalandvertical, respectrely, andof unit vectorse, ande,. The change
X; = X 4+ Ut definesasystenof coordinatesshavn in Fig. 1(a),of origin themeanposition O,
of the centreof the sphereandx;-axis oppositeto the meanmotion. Small oscillationsh « a

canbeneglectedin the positionof the sourcebut notin its velocity, sothat(1) and(2) become
N 3

my(r,t) = 2ra U&-i—ha)ocos(a)ot)& 3(X1)8(Y)é(2), (3)

mrt—3UX1hco tzara 4)

(1,0 = =5 [UZ + hopcostont) ] 5011 — 2.

This approximationis straightforvard for the surface source;for the dipole it follows from
remarkingthatmg(r, t) is asymptotido my(r, t) in thelimit of largewavelengths. > a, ascan

be seenby comparingthe spectra

ma(k, t) = —2ira®[Uky + hwo cowot)ky], (5)

j1(k
ms(k, t) = —6ira3[Uk, + hwo cowot)k,] Jll((aa), (6)
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definedby

1

m(l’,t) = w

/ m(k, t)e KT dk, (7)

wherek = [Kky, Ky, k;] isthewavenumbewector withk = k| = 27 /A, andj,1(2) = (sinz)/z°—
(cosz)/zis thesphericaBessefunctionof orderl.

Thespherecanthusbe modelledasthelinearsuperpositiorof two sourcesbothin uniform
horizontalmotion,andwhosestrength@reconstantandoscillatory respectiely. For oscillation
velocitieshwq large comparedvith the translationvelocity U the secondcomponenbecomes
largecomparedvith thefirstcomponen(i.e.,leewaves);in whatfollowsthisis only thesituation
thatwe shallconsiderandleewaveswill accordinglybe omitted. In termsof thedimensionless
parametersntroduced,e.g., by Davies et al. (1994), we have: moderateReynolds number
Re= 2Ua/v, largeFroudenumberFr = U/Na, smallKeulggan—CarpentemumberKe = h/a

andlarge velocity ratio hwg/U .

2.2. Wavefield

Internalwavesgeneratedtby theuniformhorizontalmotionof asourceof oscillatorystrength
have beenstudiedboththeoretically(StevensorandThomas,1969;Redelopp,1975;Rehmand
Radt,1975;PeatandStevenson,1975)andexperimentally(Stevensorand Thomas,1969; Peat
andStevenson1975;Daviesetal., 1994). Emphasisvasonthedeterminatiorof the surfacesof
constanphase Herewe adopttheapproachexposedn Voisin (1994a),in whichtheamplitude
andthephaseareobtainedointly.

Wavesareruledbythefrequeng ratioY = wg/N, andareexpressedh termsof theauxiliary



variable&, whichin sphericalkcoordinatesr, 61, ¢1) (seeFig. 1(a)) satisfieghe equation

£2(sirt g — £2)3

Teitg g ST~ ®

tanf; =

subjectothecondition|&é| < | sing;|. Thesolutiontothisequatiordefinegwo systemsfwaves,
sumwaveswith positive ¢ anddifferencewaveswith negative &, eachof which systemis itself
separatedhto trans\erseanddivergentcomponentsBoth systemsarecontainedwithin fronts,
partsof which arecausticsandwhich correspondo the maximaor jumps(é = E., 6, = ©.)
obseredin Fig. 1(b). The analyticalexpressionof E. and ®. wasgivenin Voisin (1994a)
andwill notberepeatedere. For eachwave systenthe divergentandtrans\ersecomponents
meige on the caustic;associatedangesof &€ are—|sing;| < &€ < E_ for divergentdifference
waves,E_ < & < Ofor trans\ersedifferencevaves,0 < & < E, for trans\ersesumwavesand
E, < & < |sing,] for divegentsumwaves.

The nameof thosecomponentgefersto the shapeof their horizontalcurves of constant
phaseshaovn in Fig. 2(a). For Y > 1 differencewavesare upstreanfacingandsumwaves
downstreamfacing; both of them have cuspson the causticwhere divergent and trans\erse
waves meet,and extend only downstream. For Y < 1 differencewavesandtrans\ersesum
wavesremainessentiallyjunchangedwhile divergentsumwaves, startingup from the caustic,
tendtowardsinfinity downstreamas|y| — |z|(1 — TZ)%/T, comethenbacktowardsregions
of smallerx; andfinally closeup upstream.

The derwvation of the characteristicof the waves is straightforvard and yields, for the

frequeny andwavenumbewector

U(sifp -89 & (s —&2)3

w=N&  k=—|T (9)

N[ T —&lcosp  1-8&2 |T—.§|sin¢1}
0 :



Theverticaldisplacement, relatedto theverticalvelocity v, by v, = 3¢ /dt, follows similarly
from replacingin Voisin (1994a)the monopolestrengthmg of the sourceby the spectrum
m(k, t). Theresultingexpressionscombining(5), (6) and(9), fail to describethe vicinity of
the causticswherethey diverge; a more elaboratedescriptionof this vicinity, involving Airy

functions(Lighthill, 1978,Section4.11),wasnot attempted.

3. SPHEREEXPERIMENTS

Experimentsvereconductedn atransparentank50cmwide, 50cmdeepand400cmlong.
A heavy sphereof radius1.12cm wastowed horizontallythrougha linearly stratifiedfluid, a
vertical sinusoidaloscillationbeingsuperimposedn the uniform horizontaltranslationof the
supportof thesphere.Thetowing andvisualizationtechniquesvereidenticalto thoseusedby
Bonnetoretal. (1993). Five frequeng ratiosY = 0.4,0.6, 0.8, 1.01and1.2, bothsmallerand
largerthanl, wereselected Otherparametersverechosersothatthreeof the four conditions
mentionedn Section2.1 be satisfied: moderateReynoldsnumber small Keulegan—Carpenter
number largevelocity ratio. The Froudenumberwasthenfixedby experimentarequirements.

Experimentakesultsare summarizedn Fig. 2(d). Two factorsappeatto distortthemsig-
nificantly: the presencef lee waves, easilyrecognizedoy their hyperboliccurvesof constant
phase,andthe reflectionof the waves on the walls of the tank. Lee wavesareall the more
pronouncedsY is small, sincethe velocity ratio hwg/U = TKe/Fr is, for givenFr andKe,
proportionalto Y. For a discussiorof the effectsand occurrenceof tank wall reflectionsthe
readelis referredto GrahamandGraham(1980).

Thefirst conclusionto be dravn from Fig. 2 is theinadequay of the dipolerepresentation



(3) of thespheresincethedisplacemenrfield shavnin Fig. 2(b) is dominatedy high-amplitude
differencewvaveswhichareabsentrom experiments.Thereasorfor thisliesin thecompactness
conditiona « A, which is not satisfiedby the shortdifferencewaves. Alternatively, this can
be explained by remarkingthat the dipolar spectrum(5) variesas ka, overemphasizinghe
contribution of large wavenumberswhile the surfacesourcespectrum(6) variesas j;(ka) and
is thusa maximumat ka ~ 2 (Abramawitz and Stegun, 1972, Chapterl0). Only the surface
sourcemodelcanthusbe expectedo yield satishctoryagreemenivith experiments.

This agreements first qualitatve, andconcernghe structureof the wave field. As shavn
in Fig. 2(d), divegent sum waves are dominantfor Y = 0.4; as Y increasesand reaches
0.8 trans\ersesumwaves appearat somedistancedownstreamandfinally for Y = 1.2 they
supersedelivergentwavesin the vicinity of the sphere.This resultsfrom the combinationof
severalfactors: positionof the wavefrontsg; = ®_ within which eachwave systemis found,;
amplitudeassociatedvith thesesystemsin the spectrumm(k, t) of the source;restrictions
imposedon the domainof obsenation of the wavesby the presencef lee wavesandby tank
wall reflections.Theseagumentanbemadequantitatve, e.g.,by plotting thefunction j; (ka)
asafunctionof x; for y = 0 (notshavn here).As T increase$rom 0.4 to 1.2, zonesof rapid
phasevariations(hayinversions)yappeanearthe caustics.Thisis attributableto aninterference
betweertrans\erseanddivergentwaves,of similar wavelengthan thatzone.

Theevolution of thewavefrontswith T, i.e.,theirnarraving asY increasess confirmedby
experiment.Their positionis difficult to determinebecaus@f the perturbatiorof thewave field
by thelee wavesandby thewall reflections.For relatvely smallx;, however, this perturbation
is nggligible, andthe theoreticalandexperimentawavefrontsdiffer by a lateraldistanceof the
sameorderasthe diameterof the sphere. A possibleexplanationfor this is the diffraction of
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the waves outsidethe caustics,a phenomenomot taken into accountin the formulaeusedto
computethetheoreticawave field.

Morequantitatvely, Fig. 3(a)comparesfor T = 0.6, thetheoreticahndexperimentalalues
of theaxialwavelengthi, = 27t /|ky| in theplaney = 0, measuredrom severalimagessimilar
to Fig. 2(d). The numberof experimentalrunscompensatefor the relatively poor precision
of the method. Goodagreemenits obtainedwith the interpretationof the wave field in terms
of mainly divergentsumwaves. As Nx;/U — oo we have for divergentdifferencewaves,

trans\ersewavesanddivergentsumwaves,respectiely,

U 1 1
Ay ~ 2T — , 1, , (10)
wo \T+1" 7|7 =1

indicatingthattheaxialwavelengthof trans\ersewavestendsowardsthespatialperiod2z U /wg

of the pathof the source.Figure3(a) shavs thatthis periodis never obseredin thewave field.

4. WAKE APPLICATION

Application of the precedinganalysisto a realistic stratified turbulent wake, createdby
horizontaimotionatvelocityU’ of abodyof trans\erseradiusa’ andaxiallengthl’, supposethat
thevariousparameterarisingin thisanalysideexpressedn termsof theparameterassociated
with thewake. Accordingto thediscussiorof Sectionl, thevelocityU andfrequeng w, of the
sourceequialentto the wake areidenticalto the velocity U’ of the body andto the frequeng
wy of the nearwake spiralinstability. Similarly, the radiusa of this sourcerepresentsn some
phenomenologicalay the radiusof the coherentstructureseforetheir collapse andwill be
assumedo be of thesameorderastheradiusa’ of thebody Theamplitudeh of theoscillations

is justadeviceto reproducexperimentallyasourceof oscillatorystrengthand,asthis strength,



depend®n the precisedynamicsof the collapse.Hereaftertheseapproximationsill be used
andprimeswill beomitted.

The main conclusionof Sections2 and 3 was the strong dependencef the wave field
on the frequeng ratio T = wy/N, which canbe expressedn termsof the Strouhalnumber
S = awg/rU asYT = xSFr. In the Reynoldsand Froudenumbersrangeconsideredn the
literature theStrouhahumberis 0.2 for towedbodiesandl.0for self-propelledodiegseege.g.,
Voisin, 1994b). A spheregowedata FroudenumberFr = 5 correspondshusto T = 7, value
thatwe adoptedn Figs.3(b) and4 to computethe axial wavelengthandvertical displacement
field, respectiely; theseareto be comparedvith Figs.8 and9 of Bonnetoretal. (1993).

Comparisonbetweenthe theoreticaland experimentalwavefronts has alreadybeensuc-
cessfullyperformedby Gilreath and Brandt (1985) and Bonnetonet al. (1993) and will not
be repeatechere. As this wavefrontis passedall waves are obsened nearly simultaneously
with axial wavelengthscloseto oneanotherandtendingrapidly towardsthe asymptoticvalues
(10), whichthemselesdo not differ muchfrom the spatialperiod27 U /wg of thewake. Then,
consistentlywith Hopfingeretal. (1991),Bonnetoretal. (1993)andLin etal. (1993),arégime
is reachedn which the wavelengthis independenof the Froudenumberandidenticalto the
meanspacingof the coherenstructureswhich in termsof the diameter2a of thebody means
Ay/2a~ S 15,

It is temptingto associatehis regimewith the coherentvave régimereportedby Bonneton
etal. (1993)andalreadydistinguishablen the resultsof Hopfingeretal. (1991). In particular
Ax/2a is roughly of the sameorderasthe wavelengthof the first coherentwavesidentified by
Bonnetonet al. (1993). However, the associatedvave field, shavn in Fig. 4, exhibits a very
complicatedphasestructureresultingfrom the interferencebetweenthe four wave systems,
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anddiffersfrom the moreor lessorganizedstructureobsened by Hopfingeret al. (1991)and
Bonnetoretal. (1993). This makesthe preseninterpretatiorjust tentatie.

We finally point out that the analysisexposedin the presentpaperrelies entirely on the
assumptiorthat advection of the coherentstructuresbeforethe collapseis negligible, so that
the procesof emissionof the wavesis impulsive. Theremay, however, be situationswhere
adwectionis significantbeforethecollapse.Theneachstructuregeneratesotanimpulsive wave
field but a lee wave field, asreportedby Syso@a and Chashechkir{1991)for a towed sphere

andby DupontandKadri (1994)for a bell-shapedbstacle.
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FIGURECAPTIONS

Fig. 1. Determinationof the wave field of a horizontally translatingsourceof oscillatory
strength. (a) Systemof coordinatesyb) graphicalsolution of equation(8) for the parameter

&, = &/|singy|, for T/|sing;] = 0.5 (——) andY/|sing;| = 1.2 (- — -).

Fig. 2. Verticaldisplacementield generatedby horizontaltranslationof a vertically oscillating
spherefor Y = 0.4,0.8and1.2,with Fr = 0.25andKe = 0.6. Dimensionlessoordinates, =

Nr,/U areusedwith z, = 24 (exceptfor Y = 0.4, in which casez, = 17). (a) shavs thefirst
few curvesof constanphaseof eachwave system(——) andtheassociateavavefronts(- — -);

for Y < 1thesdrontscompriseacircle, whoseupstreamanddowvnstreamhalvescorrespondo
divergentandtransersesumwaves,respectrely. Thetheoreticaldisplacementield is shovn
in (b) for thedipoleandin (c) for thesurfacesourcewhile (d) is theexperimentalisualization;

grayscaleunitsarearbitrary

Fig. 3. Dimensionlesaxial wavelengthi, = (NAy)/(27U) versusdimensionlesaxial dis-
tancex, in theplaney, = 0,for Y = 0.6 andz, = 24 (a)andY = n andz, = 0.6 (b).
—, Theoreticakurves;-, experimentabpoints;- — —, leewave length;—-—, spatialperiodof

thesourcepath.

Fig. 4. Verticaldisplacementield generatedby horizontaltranslationof a vertically oscillating

spherefor Y = 7, Fr = 5andz, = 0.6.
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Fig. 1. Determinationof the wave field of a horizontally translatingsourceof oscillatory strength.
(a) Systemof coordinates(b) graphicalsolutionof equation(8) for the parameteg, = &/| sing;,|, for
Y/|singi| = 0.5 (——) andY/|sing1| = 1.2 (- - -).
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Fig. 2. Verticaldisplacementield generatedby horizontaltranslationof a vertically oscillatingsphere,
for Y = 0.4,0.8and1.2, with Fr = 0.25andKe = 0.6. Dimensionlesgoordinates, = Nr;/U are
used,with z, = 24 (exceptfor T = 0.4, in which casez, = 17). (a) shaws the first few curves of

constanphaseof eachwave system(——) andtheassociateavavefronts(— - -); for T < 1 thesefronts
comprisea circle, whoseupstreamand downstreamhalves correspondo divergentandtrans\ersesum
waves,respectiely. Thetheoreticaldisplacementfield is shavn in (b) for the dipole andin (c) for the
surfacesourcewhile (d) is the experimentalisualization;gray scaleunitsarearbitrary

16



0.6
2@
AL A0
e — = U
2@ — A (@)
0.2 -
A0
A
0 -40 0 40 80 120 0 20 40 60 80
XD XD
(a) (b)
Fig. 3. Dimensionlesaxial wavelengthi, = (NAix)/(27U) versusdimensionlessixial distancex, in
theplaney, = 0,for Y = 0.6 andz, = 24(a)andY = = andz, = 0.6 (b). ——, Theoreticakurves;
., experimentalpoints;- - -, leewave length;—-—, spatialperiodof the sourcepath.

0
-

a
-
K
»
-

-

>

:

>

»

!

»>
g
w9

Fig. 4. Verticaldisplacementield generatedby horizontaltranslationof a vertically oscillatingsphere,
forY =&, Fr = 5andz, = 0.6.

17



