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ABSTRACT

At high ReynoldsandFroudenumbers,leewavesdueto thehorizontalmotionof a body in a stratifiedfluid

aresupersededby randomwavesgeneratedby its wake. The origin of thesewaveslies in the buoyant collapse

of the large-scalecoherentstructuresof thewake, andcanbemodelledasa sourcemoving at thevelocity of the

bodyandof strengthoscillatingat thefrequency of vortex shedding.In thepresentpapertwo parallelstudiesof the

associatedwavefield aredescribed.Thefirst of theseis theoreticalandconsiderslocalizedandextendedmodelsof

thesource,while thesecondisexperimentalandinvolvesaverticallyoscillatingandhorizontallytranslatingsphere.

Oscillationfrequenciesbothsmallerandlarger thantheBrunt–Väis̈alä frequency areconsidered,andreasonably

goodagreementbetweentheoryandexperimentis obtainedconcerning,e.g.,theshapeof thesurfacesof constant

phase,thestreamwiseevolutionof thewavelength,andthedomainof existenceof thewaves.Calculationsarethen

presentedfor a realisticturbulentwake,andcomparisonwith availableexperimentalresultsis performed.
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1. INTRODUCTION

A bodymoving horizontallyin astratifiedfluid generatesseveralsystemsof internalwaves,

eachof whichis associatedwith adistinctperturbationof thebasicstratification.In thisrespect,

the importantparametersare the FroudenumberFr = U/Na, which representsthe ratio of

inertial forcesto buoyancy forces,andtheReynoldsnumberRe = Ul/ν, which representsthe

ratioof inertial forcesto viscousforces,with U thevelocityof thebody, a its transverseradius,

l its axial length,N theBrunt–Väis̈alä frequency andν thekinematicviscosity. In particular,

experimentsoverthepasttwentyyears(Lin andPao,1979;GilreathandBrandt,1985;Hopfinger

etal., 1991;Bonnetonetal., 1993;Lin etal., 1993)haveshown that,at sufficiently highFr and

Re, leewavesgeneratedby themotionof thebodyaresupersededby randomwavesgenerated

by its wake,andhavetracedbacktheorigin of thesewavesto thelarge-scalecoherentstructures

of thewake.

Themodellingof this phenomenonwasdiscussedby Voisin (1994b). In theReynoldsand

Froudenumbersrangeinvolved,thewakeis turbulentanddevelopsinitially asin ahomogeneous

fluid. Coherentstructures,in theformof vortex loopsorturbulentbursts,arereleasedperiodically

behindthebodyatthefrequencyω0 of thenearwakespiralinstability;afteradimensionlesstime

Ntc ≈ 3 they collapseimpulsively undertheinfluenceof buoyancy, generatinginternalwaves.

As far asthesewavesareconcerned,a turbulentwake is thusamenableto a seriesof impulses,

of alternatingsignsso asto take into accountits geometry, periodicallyspacedin both space

andtime,andseparatedfrom oneanotherby adistanceπU/ω0 andtimeπ/ω0. Two equivalent

views of this seriesarisenaturally: a sourcemoving at velocity U andemitting impulsesat

time intervalsπ/ω0; a sourcemoving at velocityU andof strengthoscillatingat thefrequency
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ω0 andat all its oddharmonics.Thefirst view is appropriateat smallaxial distancesfrom the

body, whenthewavesgeneratedby eachcollapsehave not yet hadtime to interfere;theneach

impulsecanbe consideredindividually. Conversely, the secondview is appropriateat large

axial distances,wheninterferencehastakenplace;thenthecollective effect of all theimpulses

is observed,resultingin apredominanceof thefundamentalfrequency ω0.

A first steptowardsassessmentof this interpretationwas carriedout by Bonnetonet al.

(1993),who studiedeachcoherentstructureindividually. The presentpaperinvestigatesthe

second,collective, aspect.Specifically, Section2 describesa theoreticalapproachof internal

waves generatedby the simplestpractical realizationof a horizontally translatingsourceof

oscillatorystrength,i.e., a spherebothtranslatinghorizontallyandoscillatingvertically. Then

Section3 comparestheresultsof this theorywith experiments,andSection4 appliesthemto a

realisticturbulentwake.

2. THEORETICALBACKGROUND

2.1. Source model

In a homogeneousfluid, a sphereof radiusa moving at velocity v0(t) alonga pathr0(t),

with v0(t) = dr0/dt , canbemodelledeitherapproximately, for R À a, asthedipole

md(r, t) = −2πa3v0 · ∇δ(R), (1)

or exactly, for all R/a, asthesurfacedistributionof monopoles

ms(r, t) = 3

2
v0 ·

R
a
δ(R − a), (2)

wherer = [x, y, z] denotesposition,with r = |r|, t denotestime, R = r − r0 is theposition

relative to the centreof the sphere,v = [vx , vy, vz] the fluid velocity and m = ∇ · v the
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sourcestrength(rateof volumeoutflow from thesource)perunit volume.Useof thesemodels

in a stratifiedfluid was introducedby Miles (1971)andGorodtsov andTeodorovich (1982),

respectively, on the assumptionthat the Froudenumberbe large, so that the flow aroundthe

sphereis locally unaffectedby gravity. Experimentssuggest,however, thatthesemodelsremain

valid evenfor moderatevaluesof Fr, theonly differencebeingthereplacementof thefar-field

conditionR À a by thecompactnessconditiona ¿ λ, with λ thewavelengthof thewaves(see,

e.g.,Voisin 1994a).Anotherapproximationimplicit in (1) and(2) is thattheReynoldsnumber

Re bemoderate,sothatnowake is formed.

A motion composedof horizontaltranslationat velocity U andvertical oscillationof fre-

quency ω0 andamplitudeh correspondsto thepathr0(t) = −Utex − h sin(ω0t)ez, wherethex-

andz-axesarehorizontalandvertical, respectively, andof unit vectorsex andez. Thechange

x1 = x +Ut definesasystemof coordinates,shown in Fig.1(a),of origin themeanpositionO1

of thecentreof thesphereandx1-axisoppositeto themeanmotion. Smalloscillationsh ¿ a

canbeneglectedin thepositionof thesourcebut not in its velocity, sothat(1) and(2) become

md(r, t) = 2πa3

[
U
∂

∂x
+ hω0 cos(ω0t)

∂

∂z

]
δ(x1)δ(y)δ(z), (3)

ms(r, t) = −3

2

[
U

x1

a
+ hω0 cos(ω0t)

z

a

]
δ(r1 − a). (4)

This approximationis straightforward for the surfacesource;for the dipole it follows from

remarkingthatms(r, t) is asymptoticto md(r, t) in thelimit of largewavelengthsλÀ a, ascan

beseenby comparingthespectra

md(k, t) = −2iπa3[Ukx + hω0 cos(ω0t)kz], (5)

ms(k, t) = −6iπa3[Ukx + hω0 cos(ω0t)kz]
j1(ka)

ka
, (6)
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definedby

m(r, t) = 1

(2π)3

∫
m(k, t)e−ik·r d3k, (7)

wherek = [kx , ky, kz] is thewavenumbervector, with k = |k| = 2π/λ, and j1(z) = (sinz)/z2−

(cosz)/z is thesphericalBesselfunctionof order1.

Thespherecanthusbemodelledasthelinearsuperpositionof two sources,bothin uniform

horizontalmotion,andwhosestrengthsareconstantandoscillatory, respectively. Foroscillation

velocitieshω0 largecomparedwith thetranslationvelocity U thesecondcomponentbecomes

largecomparedwith thefirstcomponent(i.e.,leewaves);in whatfollowsthisisonly thesituation

thatweshallconsiderandleewaveswill accordinglybeomitted. In termsof thedimensionless

parametersintroduced,e.g., by Davies et al. (1994), we have: moderateReynolds number

Re= 2Ua/ν, largeFroudenumberFr = U/Na, smallKeulegan–CarpenternumberKe= h/a

andlargevelocity ratio hω0/U .

2.2. Wavefield

Internalwavesgeneratedby theuniformhorizontalmotionof asourceof oscillatorystrength

havebeenstudiedboththeoretically(StevensonandThomas,1969;Redekopp,1975;Rehmand

Radt,1975;PeatandStevenson,1975)andexperimentally(StevensonandThomas,1969;Peat

andStevenson,1975;Daviesetal.,1994).Emphasiswasonthedeterminationof thesurfacesof

constantphase.Hereweadopttheapproachexposedin Voisin (1994a),in which theamplitude

andthephaseareobtainedjointly.

Wavesareruledbythefrequency ratioϒ = ω0/N , andareexpressedin termsof theauxiliary
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variableξ , which in sphericalcoordinates(r1, θ1, ϕ1) (seeFig. 1(a))satisfiestheequation

tanθ1 =
ξ 2(sin2 ϕ1 − ξ 2)

1
2

ϒ sin2 ϕ1 − ξ 3
sign(ϒ − ξ), (8)

subjecttothecondition|ξ | < | sinϕ1|. Thesolutiontothisequationdefinestwosystemsof waves,

sumwaveswith positive ξ anddifferencewaveswith negative ξ , eachof whichsystemis itself

separatedinto transverseanddivergentcomponents.Both systemsarecontainedwithin fronts,

partsof which arecaustics,andwhich correspondto themaximaor jumps(ξ = 4±, θ1 = 2±)

observed in Fig. 1(b). The analyticalexpressionof 4± and2± wasgiven in Voisin (1994a)

andwill not berepeatedhere.For eachwave systemthedivergentandtransversecomponents

mergeon thecaustic;associatedrangesof ξ are−| sinϕ1| < ξ < 4− for divergentdifference

waves,4− < ξ < 0 for transversedifferencewaves,0< ξ < 4+ for transversesumwavesand

4+ < ξ < | sinϕ1| for divergentsumwaves.

The nameof thosecomponentsrefersto the shapeof their horizontalcurvesof constant

phase,shown in Fig. 2(a). For ϒ > 1 differencewavesareupstreamfacingandsumwaves

downstreamfacing; both of them have cuspson the causticwheredivergent and transverse

wavesmeet,andextendonly downstream. For ϒ < 1 differencewavesandtransversesum

wavesremainessentiallyunchanged,while divergentsumwaves,startingup from thecaustic,

tendtowardsinfinity downstreamas|y| → |z|(1− ϒ2)
1
2 /ϒ , comethenbacktowardsregions

of smallerx1 andfinally closeupupstream.

The derivation of the characteristicsof the waves is straightforward and yields, for the

frequency andwavenumbervector,

ω = Nξ, k = N

U

[
ϒ − ξ, ξ |ϒ − ξ | cosϕ1

(sin2 ϕ1 − ξ 2)
1
2

,−1− ξ 2

ξ

|ϒ − ξ | sinϕ1

(sin2 ϕ1 − ξ 2)
1
2

]
. (9)
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Theverticaldisplacementζ , relatedto theverticalvelocityvz by vz = ∂ζ/∂t , followssimilarly

from replacingin Voisin (1994a)the monopolestrengthm0 of the sourceby the spectrum

m(k, t). The resultingexpressions,combining(5), (6) and(9), fail to describethevicinity of

the caustics,wherethey diverge; a moreelaboratedescriptionof this vicinity, involving Airy

functions(Lighthill, 1978,Section4.11),wasnotattempted.

3. SPHEREEXPERIMENTS

Experimentswereconductedin atransparenttank50cmwide,50cmdeepand400cmlong.

A heavy sphereof radius1.12cm wastowed horizontallythrougha linearly stratifiedfluid, a

verticalsinusoidaloscillationbeingsuperimposedon theuniform horizontaltranslationof the

supportof thesphere.Thetowing andvisualizationtechniqueswereidenticalto thoseusedby

Bonnetonetal. (1993).Five frequency ratiosϒ = 0.4, 0.6, 0.8, 1.01and1.2, bothsmallerand

largerthan1, wereselected.Otherparameterswerechosensothatthreeof thefour conditions

mentionedin Section2.1 besatisfied:moderateReynoldsnumber, smallKeulegan–Carpenter

number, largevelocity ratio. TheFroudenumberwasthenfixedby experimentalrequirements.

Experimentalresultsaresummarizedin Fig. 2(d). Two factorsappearto distort themsig-

nificantly: thepresenceof leewaves,easilyrecognizedby their hyperboliccurvesof constant

phase,and the reflectionof the waveson the walls of the tank. Lee wavesareall the more

pronouncedasϒ is small,sincethevelocity ratio hω0/U = ϒKe/Fr is, for givenFr andKe,

proportionalto ϒ . For a discussionof the effectsandoccurrenceof tank wall reflectionsthe

readeris referredto GrahamandGraham(1980).

Thefirst conclusionto bedrawn from Fig. 2 is theinadequacy of thedipolerepresentation
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(3)of thesphere,sincethedisplacementfieldshown in Fig.2(b)isdominatedbyhigh-amplitude

differencewaveswhichareabsentfrom experiments.Thereasonfor thisliesin thecompactness

conditiona ¿ λ, which is not satisfiedby theshortdifferencewaves. Alternatively, this can

be explainedby remarkingthat the dipolar spectrum(5) variesas ka, overemphasizingthe

contribution of largewavenumbers,while thesurfacesourcespectrum(6) variesas j1(ka) and

is thusa maximumat ka ≈ 2 (Abramowitz andStegun,1972,Chapter10). Only thesurface

sourcemodelcanthusbeexpectedto yield satisfactoryagreementwith experiments.

This agreementis first qualitative, andconcernsthestructureof thewave field. As shown

in Fig. 2(d), divergent sum waves are dominantfor ϒ = 0.4; asϒ increasesand reaches

0.8 transversesumwavesappearat somedistancedownstream,andfinally for ϒ = 1.2 they

supersededivergentwavesin thevicinity of thesphere.This resultsfrom thecombinationof

several factors:positionof thewavefrontsθ1 = 2± within which eachwave systemis found;

amplitudeassociatedwith thesesystemsin the spectrumm(k, t) of the source;restrictions

imposedon thedomainof observationof thewavesby thepresenceof leewavesandby tank

wall reflections.Theseargumentscanbemadequantitative,e.g.,by plottingthefunction j1(ka)

asa functionof x1 for y = 0 (not shown here).Asϒ increasesfrom 0.4 to 1.2, zonesof rapid

phasevariations(nayinversions)appearnearthecaustics.This is attributableto aninterference

betweentransverseanddivergentwaves,of similar wavelengthsin thatzone.

Theevolutionof thewavefrontswithϒ , i.e.,theirnarrowing asϒ increases,is confirmedby

experiment.Theirpositionis difficult to determinebecauseof theperturbationof thewavefield

by theleewavesandby thewall reflections.For relatively smallx1, however, this perturbation

is negligible, andthetheoreticalandexperimentalwavefrontsdiffer by a lateraldistanceof the

sameorderasthediameterof thesphere.A possibleexplanationfor this is thediffractionof
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the wavesoutsidethe caustics,a phenomenonnot taken into accountin the formulaeusedto

computethetheoreticalwavefield.

Morequantitatively, Fig.3(a)compares,forϒ = 0.6,thetheoreticalandexperimentalvalues

of theaxialwavelengthλx = 2π/|kx | in theplaney = 0, measuredfrom severalimagessimilar

to Fig. 2(d). The numberof experimentalrunscompensatesfor the relatively poor precision

of the method. Goodagreementis obtainedwith the interpretationof the wave field in terms

of mainly divergentsumwaves. As N x1/U → ∞ we have for divergentdifferencewaves,

transversewavesanddivergentsumwaves,respectively,

λx ∼ 2π
U

ω0

(
1

ϒ + 1
,1,

1

|ϒ − 1|

)
, (10)

indicatingthattheaxialwavelengthof transversewavestendstowardsthespatialperiod2πU/ω0

of thepathof thesource.Figure3(a)shows thatthisperiodis neverobservedin thewavefield.

4. WAKE APPLICATION

Application of the precedinganalysisto a realistic stratifiedturbulent wake, createdby

horizontalmotionatvelocityU ′ of abodyof transverseradiusa′ andaxiallengthl ′, supposesthat

thevariousparametersarisingin thisanalysisbeexpressedin termsof theparametersassociated

with thewake. Accordingto thediscussionof Section1, thevelocityU andfrequency ω0 of the

sourceequivalentto thewake areidenticalto thevelocity U ′ of thebodyandto thefrequency

ω′0 of thenearwake spiral instability. Similarly, theradiusa of this sourcerepresentsin some

phenomenologicalway the radiusof thecoherentstructuresbeforetheir collapse,andwill be

assumedto beof thesameorderastheradiusa′ of thebody. Theamplitudeh of theoscillations

is justadeviceto reproduceexperimentallyasourceof oscillatorystrengthand,asthisstrength,
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dependson theprecisedynamicsof thecollapse.Hereaftertheseapproximationswill beused

andprimeswill beomitted.

The main conclusionof Sections2 and 3 was the strongdependenceof the wave field

on the frequency ratioϒ = ω0/N , which canbe expressedin termsof the Strouhalnumber

St = aω0/πU asϒ = πStFr. In the ReynoldsandFroudenumbersrangeconsideredin the

literature,theStrouhalnumberis0.2for towedbodiesand1.0for self-propelledbodies(see,e.g.,

Voisin,1994b).A spheretowedat a FroudenumberFr = 5 correspondsthustoϒ = π , value

thatwe adoptedin Figs.3(b) and4 to computetheaxial wavelengthandverticaldisplacement

field, respectively; theseareto becomparedwith Figs.8 and9 of Bonnetonetal. (1993).

Comparisonbetweenthe theoreticaland experimentalwavefrontshasalreadybeensuc-

cessfullyperformedby Gilreath and Brandt (1985) and Bonnetonet al. (1993) and will not

be repeatedhere. As this wavefront is passedall wavesareobserved nearlysimultaneously,

with axial wavelengthscloseto oneanotherandtendingrapidly towardstheasymptoticvalues

(10),which themselvesdo not differ muchfrom thespatialperiod2πU/ω0 of thewake. Then,

consistentlywith Hopfingeretal. (1991),Bonnetonetal. (1993)andLin etal. (1993),a régime

is reachedin which the wavelengthis independentof the Froudenumberandidenticalto the

meanspacingof thecoherentstructures,which in termsof thediameter2a of thebodymeans

λx/2a ∼ St−1 ≈ 5.

It is temptingto associatethis régimewith thecoherentwave régimereportedby Bonneton

et al. (1993)andalreadydistinguishablein theresultsof Hopfingeret al. (1991). In particular,

λx/2a is roughlyof thesameorderasthewavelengthof thefirst coherentwavesidentifiedby

Bonnetonet al. (1993). However, the associatedwave field, shown in Fig. 4, exhibits a very

complicatedphasestructureresultingfrom the interferencebetweenthe four wave systems,
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anddiffers from themoreor lessorganizedstructureobservedby Hopfingeret al. (1991)and

Bonnetonetal. (1993).Thismakesthepresentinterpretationjust tentative.

We finally point out that the analysisexposedin the presentpaperrelies entirely on the

assumptionthat advectionof the coherentstructuresbeforethe collapseis negligible, so that

the processof emissionof the wavesis impulsive. Theremay, however, be situationswhere

advectionissignificantbeforethecollapse.Theneachstructuregeneratesnotanimpulsivewave

field but a leewave field, asreportedby Sysoeva andChashechkin(1991)for a towedsphere

andby DupontandKadri (1994)for abell-shapedobstacle.
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FIGURECAPTIONS

Fig. 1. Determinationof the wave field of a horizontally translatingsourceof oscillatory

strength. (a) Systemof coordinates;(b) graphicalsolutionof equation(8) for the parameter

ξ∗ = ξ/| sinϕ1|, for ϒ/| sinϕ1| = 0.5 ( ) andϒ/| sinϕ1| = 1.2 ( ).

Fig. 2. Verticaldisplacementfield generatedby horizontaltranslationof averticallyoscillating

sphere,forϒ = 0.4,0.8and1.2,with Fr = 0.25andKe = 0.6. Dimensionlesscoordinatesr∗ =

Nr1/U areused,with z∗ = 24 (exceptfor ϒ = 0.4, in whichcasez∗ = 17). (a) shows thefirst

few curvesof constantphaseof eachwavesystem( ) andtheassociatedwavefronts( );

forϒ < 1 thesefrontscompriseacircle,whoseupstreamanddownstreamhalvescorrespondto

divergentandtransversesumwaves,respectively. Thetheoreticaldisplacementfield is shown

in (b) for thedipoleandin (c) for thesurfacesource,while (d) is theexperimentalvisualization;

grayscaleunitsarearbitrary.

Fig. 3. Dimensionlessaxial wavelengthλ∗ = (Nλx)/(2πU ) versusdimensionlessaxial dis-

tancex∗ in the planey∗ = 0, for ϒ = 0.6 and z∗ = 24 (a) andϒ = π and z∗ = 0.6 (b).

, Theoreticalcurves;·, experimentalpoints; , leewave length; , spatialperiodof

thesourcepath.

Fig. 4. Verticaldisplacementfield generatedby horizontaltranslationof averticallyoscillating

sphere,for ϒ = π , Fr = 5 andz∗ = 0.6.
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Fig. 1. Determinationof the wave field of a horizontally translatingsourceof oscillatory strength.
(a) Systemof coordinates;(b) graphicalsolutionof equation(8) for theparameterξ∗ = ξ/| sinϕ1|, for
ϒ/| sinϕ1| = 0.5 ( ) andϒ/| sinϕ1| = 1.2 ( ).
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Fig. 2. Verticaldisplacementfield generatedby horizontaltranslationof a vertically oscillatingsphere,
for ϒ = 0.4, 0.8 and1.2, with Fr = 0.25 andKe = 0.6. Dimensionlesscoordinatesr∗ = Nr1/U are
used,with z∗ = 24 (except for ϒ = 0.4, in which casez∗ = 17). (a) shows the first few curvesof
constantphaseof eachwavesystem( ) andtheassociatedwavefronts( ); for ϒ < 1 thesefronts
comprisea circle, whoseupstreamanddownstreamhalvescorrespondto divergentandtransversesum
waves,respectively. The theoreticaldisplacementfield is shown in (b) for thedipoleandin (c) for the
surfacesource,while (d) is theexperimentalvisualization;grayscaleunitsarearbitrary.
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